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Abstract 

The aim of this paper is to study properties of Besov-type spaces with variable 
smoothness. We show that these spaces are characterized by the (/j-transforms 
in appropriate sequence spaces and we obtain atomic decompositions for these 
spaces. 


1 Introduction 

The most known general scales of fnnction spaces are the scales of Besov spaces and 
Triebel-Lizorkin spaces and it is known that they cover many well-known classical fnnc¬ 
tion spaces snch as Holder-Zygmnnd spaces and Sobolev spaces, see Triebel’s mono- 
graphes [32] and [33] for the history of these fnnction spaces. These spaces play an 
important role in Harmonic Analysis. 

The theory of these spaces had a remarkable development in part dne to its usefnlness 
in applications. For instance, they appear in the stndy of partial differential equations. 

In recent years, there has been growing interest in generalizing classical spaces such 
as Lebesgue, Sobolev spaces, Besov spaces and Triebel-Lizorkin spaces to the case with 
either variable integrability or variable smoothness. The motivation for the increasing 
interest in such spaces comes not only from theoretical purposes, but also from appli¬ 
cations to fluid dynamics [21], image restoration and PDF with non-standard growth 
conditions. 

Variable Besov-type spaces have been introduced in HH, where their basic 

properties are given, such as the Sobolev type embeddings and that under some 
conditions these spaces are just the Besov spaces constant 

exponents, these spaces unify and generalize many classical function spaces including 
Besov spaces, Besov-Morrey spaces (see, for example, [lH Corollary 3.3]). 

The main aim of this paper is to present another essential property of the Besov-type 
spaces with variable smoothness and integrability such as the (p-transforms character¬ 
ization and the atomic decomposition. 

The paper is organized as follows. First we give some preliminaries where we £x some 
notations and recall some basics facts on function spaces with variable integrability 
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and we give some key technical lemmas needed in the proofs of the main statements. 
For making the presentation clearer, we give their proofs later in Section 5. We then 
dehne the Besov-type spaces and as follows. Let Q be the set of all 

dyadic cnbes in M"". For each cube P E Q, we denote by Xp the characteristic function 
of P. Select a pair of Schwartz functions <F and ip satisfy 

suppJ^d) C 5(0,2) and |J^<h(OI > c if |e| < ^ (1) 

o 

and 

suppJ'(p C E(0,2)\5(0,1/2) and > c if ^ < |^| < ^ (2) 
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where c > 0. Let a : M" —>■ M, p, g, r G Pq and <F and ip satisfy ([I]) and ([2]), respectively 
and we put = 2’'”<p(2''-). The Besov-type space is the collection of all 

/ G such that 


s°‘(-),pi-) •— sup 
p().9() PeS 


2”°‘V. * / 


< oo, 


a(-),r(-) 


where Pq is replaced by $. While the Besov-type space is the collection of all 

/ G such that 


) ■= sup 

p(-)M-) P&Q 


* / 

llXpllr(-) 



v>v^ 


< OO, 


£9(-)(LP(-)) 


where p^ is replaced by <F, see Section 2 for the dehnition of Vq, and v+. 

In this section several basic properties such as the p-transform characterization are 
obtained. The main statements are formulated in Section 4, where we give the atomic 
decomposition of these function spaces. It is shown that the element / G in the 

space or can be represented as 


OO 

/ = ^ ^ Xv,ni0v,m^ converging in 

v=0 mElP 


where ^’s are the so-called atoms and the sequence complex numbers belongs 

to an appropriate sequence space. Moreover, based on these sequence spaces equivalent 
quasi-norms for corresponding function spaces are derived. In this section we also give 
some key technical lemmas needed in the proofs of the main statements. 


2 Preliminaries 

As usual, we denote by M"" the n-dimensional real Euclidean space, M the collection of 
all natural numbers and No = N U {0}. The letter Z stands for the set of all integer 
numbers. The expression / < g means that f < eg for some independent constant c 
(and non-negative functions / and g), and f ^ g means f ^ g ^ f- As usual for any 
a; G M, [x] stands for the largest integer smaller than or equal to x. 
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For X G M"" and r > 0 we denote by B{x, r) the open ball in with center x and radius 
r. By supp / we denote the support of the function / , i.e., the closure of its non-zero 
set. If C M"" is a measurable set, then \E\ stands for the (Lebesgue) measure of E 
and Xe denotes its characteristic function. 

The symbol is used in place of the set of all Schwartz functions 0 on M"', i.e., 0 

is inhnitely differentiable and 

II^IIsm = < oo 

76NfJ,|7|<Ar a;eR" 


for all M G N. We denote by the dual space of all tempered distributions 

on M"’. We dehne the Fourier transform of a function / G iS(M”) by E{f){^) = 
{27r)~^B g-^^<f(^x)dx. Its inverse is denoted by f. Both E and are ex¬ 
tended to the dual Schwartz space in the usual way. 

The Hardy-Littlewood maximal operator M. is dehned on by 


Mf{x) = sup 




\f{y)\dy. 


For n G Z and m = (mi,...,m„) G Z", let Qv,m be the dyadic cube in M”', Qv^m = 
{(xi, ...,Xn) ■ rrii < 2^Xi < rrii + l,i = 1,2, ...,n}. For the collection of all such cubes 
we use Q := {Qv,m : n G Z, m G Z'^}. For each cube Q, we denote by the lower 

left-corner 2~'"m of Q = Qv,m, hs side length by 1{Q) and for r > 0, we denote by 
rQ the cube concentric with Q having the side length rl{Q). Furthermore, we put 
vq = - log 2 1{Q) and = max(nQ, 0). 

For n G Z, 9 ? G iS(M”) and x G M”, we set ^(x) := (p{—x), (py{x) := 2'"'^ ip {Ex), and 
■= - m) = \Qy^rn\^/‘^p)y{x - xq„^„) if Q = Qy^m- 


By c we denote generic positive constants, which may have different values at different 
occurrences. Although the exact values of the constants are usually irrelevant for 
our purposes, sometimes we emphasize their dependence on certain parameters (e.g. 
c(p) means that c depends on p, etc.). Further notation will be properly introduced 
whenever needed. 

The variable exponents that we consider are always measurable functions p on with 
range in [c, oo[ for some c > 0. We denote the set of such functions by Vq. The subset 
of variable exponents with range [1, oo[ is denoted by V. We use the standard notation 
p~ := ess-inf p(x), p~^ := ess-sup p(x). 

The variable exponent modular is dehned by Pp(.)(/) := Pp{x){\f{^)\)dx, where 

Pp{t) = fP. The variable exponent Lebesgue space consists of measurable functions 
/ on M” such that Qpi^.^i^Xf) < oo for some A > 0. We dehne the Luxemburg (quasi)- 

norm on this space by the formula ||/||p(.) ;= inf |a > 0 : Pp{.)(^x'^ ~ ^ useful 

property is that ||/||p(.) < 1 if and only if Pp(.)(/) < 1, see [6], Lemma 3.2.4. 

Let p,q ^ Vq. The mixed Lebesgue-sequence space is dehned on sequences 

of L^’^'^-functions by the modular 

0i<i( ){Lp( ))iifv)v) ■= ^ ^ iuf IA^ > 0 : Pp(.) ^ 
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The (quasi)-norm is defined from this as usual: 


IK/. 


hlh9(')(Lp(')) 



( 3 ) 


If < oo, then we can replace ([3]) by the simpler expression g£q(-)i^Lp(-)){ifv)v) ■= 
11 l/.K^ ^11 p( ) • Furthermore, if p and q are constants, then The 

V ^ 


case p := oo can be included by replacing the last modular by geq(-)(^L oo J ((/.).) := 

E l/.l”'’ 


It is known, cf. [T] and [H], that is a norm if q{-) > 1 is constant almost 

everywhere (a.e.) on and p{-) > 1, or if < 1 a.e. on M"", or if 1 < q(x) < 

p{x) < oo a.e. on M”. 

We say that : M” —)■ M is locally \og-Hdlder continuous^ abbreviated g G if there 
exists Clog (s') > 0 such that 


\9{x) -g{y)\ < 


_ Qog(l7) 

log(e + 1/ \x 


y\) 


(4) 


for all x,y ^ M". We say that g satisfies the \og-Hdlder decay condition^ if there exists 
(7oo £ ® and a constant ciog > 0 such that 


\g{x) - goo 


*"log 

log(e + |x|) 


for all X G M"'. We say that g is globally-log-Holder continuous, abbreviated g G C*'”®, 
if it is locally log-Holder continuous and satisfies the log-Holder decay condition. The 
constants ciog{g) and ciog are called the locally log-ifdWer constant and the \og-Hdlder 
decay constant, respectively. We note that all functions g G Cjoc always belong to L°°. 

We define the following class of variable exponents 

•piog ._ |p g p . _ jg globally-log-Holder continuous|, 

were introduced in [TJ Section 2]. We define 1/poo := hni|a:|^oo l/p(a^) and we use the 
convention ^ = 0. Note that although 4 is bounded, the variable exponent p itself can 
be unbounded. It was shown in [B], Theorem 4.3.8 that Jvi : is bounded if 

p G and p~ > 1, see also [7], Theorem 1.2. Also if p G then the convolution 
with a radially decreasing L^-function is bounded on ||(^ /||p(.) < c||(p||i||/||p(.). 

We also refer to the papers [3] and [1], where various results on maximal function in 
variable Lebesgue spaces were obtained. 

It is known that for p G we have 


IIXnllp(-)llx_Bllp'(-) ~ 1-^1- 

Also, 

llXnllp(-) ~ 

for small balls B (|i?| < 2”), and 

llXnllp(-) ~ 1^1^ 


(5) 

( 6 ) 

(7) 
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for large balls {\B\ > 1), with constants only depending on the log-Holder constant of 
p (see, for example, [6l Section 4.5]). Here p' denotes the conjngate exponent of p given 
by l/p{-) + l/p'{-) = 1. These properties are hold ifp e since ||Xi?llp(-) = llXnllp^/a 
and if p" > a. 

Recall that := -|- 2’^ \x\)~^, for any x G M”, n G No and m > 0. Note that 

G when m > n and that ||p„,m||i = is independent of n, where this type of 
fnnction was introdnced in [15] and [6]. 


2.1 Some technical lemmas 

In this snbsection we present some resnlts which are nsefnl for ns. The following lemma 
is from m Lemma 19], see also jS] Lemma 6.1]. 

Lemma 1 Let a G and let R > ciog(a), where ciog(a) is the constant from (jl]) for 
(x. Thcfi 

-v)<c - y) 

with c > 0 independent of x,y G M” and v,m G Nq. 


The previons lemma allows ns to treat the variable smoothness in many cases as if it 
were not variable at all, namely we can move the term inside the convolntion as follows: 

* fix) < c * i2^^^'^f)ix). 


Lemma 2 Let r, R, N > 0, m > n and 9,u E S (M"') with snppj^o; C 5(0,1). Then 
there exists c = c(r, m,n) > 0 such that for all g E S' (M”), we have 

\9ii*ujN*gix)\<c xgM”, (8) 

where 6'i?(-) = R"-9iR-), uiNi') = N'^'uiN-) and Pj^^rn •= ^"'(1 + N 

This lemma is a slight variant of [301 Chapter V, Theorem 5], see also [31 Lemma A. 7]. 
For the convenience of the reader, we give the proof in the Appendix. 

The following lemma is from m Lemma 2.11]. 

Lemma 3 Let r G and k E TP . 

(i) For any cubes P and Q, we have 


llXpllr(-) 


< c 




'21og ( ) 


with c > 0 independent ofliQ), /(P) and k. 

(ii) For any cubes P and Q, such that P d Q, we have 


C 



- IIxpII.,., - \\P\) 


with c,C > 0 are independent of \Q\ and \P 
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Let be the collection of functions / G such that 


p{-)i 


^p(.) := sup 

t{-) 


fXi 


llx 


Plh(.) 


< CX), p,TeVo, 


pi-) 


where the supremum is taken over all dyadic cubes P with |P| > 1. Also, the spaces 
LPi') is dehned to be the set of all function / such that 


IlTT) — sup ||/Xp||p(.) < pePo, 
where the supremum is taken over all dyadic cubes P with |P| = 1. Notice that 

A) 


rP( ) < 1 ^ sup 


^t(-) 


PeQ,\P\>l 


f 


llx 


Pllr(.) 


Xp 


< 1 . 


(9) 


pi-)/gi-) 


Let 6p be as in Lemma [2l 

Lemma 4 Let R, N > 0, T,p E Po°®, 0 < r < and 9,uj E with supppa; C 

P(^. 

(i) For any f E S'(R^), any m > 2n + ciog(y)r and any dyadic cube P with |P| > 1, 
we have 

< c max (l, ) max(l, Hcuiv * /||^p( ) , 

pi-) 

such that the right-hand side is finite, where c > 0 is independent of R, N and 1{P)- 

(ii) For any f E any m > 2n and any dyadic cube P with |P| = 1, we have 

\\{en*ujN * f)Xp\\p(.) < c max(^l, j max(l, Hwiv */H^TP) , 

such that the right-hand side is finite, where c > 0 is independent of R and N. 


9r*ujn * f 


WXi 


ri-) 


-Xp 


The proof of this lemma is postponed to the Appendix. We introduce the abbreviations 


IK/. 




sup 

p6Q,|P|<l} 


/. 

P|1M 



V>Vp 


£<!(■) (LP(-')) 


and 


II(/.)j,IKt(),(j()( 2;P()) • sup 

^ Peg 


fv 


Wxi 


-Xp 


P) 


£‘i(-)(LP(-)) 


where, vp = — log 2 1{P) and vf, = max(pp, 0). The following lemma is the 
p(')’^(')(LP(')))-version of Lemma 4.7 from A. Almeida and P. Hasto pQ (we use it, since 
the maximal operator is in general not bounded on i‘^^'\]^pi-)'j^ ggg Example 4.1]). 
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Lemma 5 Let p G q,T E with 0 < q < g+ < cx) and p > 1. 
(i) For m > 2n + ciog(l/r) + ciog{l/q), there exists c > 0 such that 




(ii) For m > 2n + ciog(l/p) + ciog(l/g), there exists c > 0 such that 

||(^i;,m * fv}v ll^gC) CiP()') — II (/ II • 

' p(-)' ' p(-)' 

The proof (i) is given in [TTl Lemma 2.12], their arguments are true to prove (ii) in 
view of the fact that ||xp||p(.) ~ since the supremum taken with respect to 

dyadic cubes with side length < 1. 

The next three lemmas are from [S] where the first tells us that in most circumstances 
two convolutions are as good as one. 

Lemma 6 For Vo,Vi G Mq and m> n, we have 


Vvo * V ,m ^ Vmiii{vo,vi),m 

with the constant depending only on m and n. 

Lemma 7 Let n G No ond m > n. Then for any Q E Q with 1{Q) = 2~'" , y E Q and 
X E M"", we have 


Vv,m * (^) ~ - y) 


with the constant depending only on m and n. 

Lemma 8 Let v,j E No, r G (0,1] and m > ^. Then for any Q E Q with 1{Q) = 2“'", 
we have 

iVj,m * Vv,m * XqY - ^ , 

where the constant depends only on m, n and r. 


Xq, 


The next lemma is a Hardy-type inequality which is easy to prove. 


Lemma 9 Let 0<a<l,JGZ and 0 < q < oo. Let {sk} be a sequences of positive 

yk 


real numbers and denote 5k = k > . Then there exists constant 

c > 0 depending only on a and q such that 

V<7 


1/9 




< c 




yk=J+ / \k=J+ 

Lemma 10 Let a G and p,q,T E Pq°^ with 0 < q < q'^ < oo. Let {fk}k^No 
a sequence of measurable functions on R”'. For all n G No and x G R”', let gv{x) = 
Er=o2-'"-’''v. (x). Then there exists a positive constant c, independent of {fk}k^no 
such that 

II (dt')l'll£'r(').9(-)(LP(-)) — ^\\{fv)v\\£r(-),q(-)(^]^p(-)'^ , 

and 


5 > —. 

T 


n 


II (5'?^)j;|l£9(-)(2,P(-b — ^\\ifv)v\\£q(.)/J^P(-)y 

V p(.)J V p(.)/ p 

The proof of Lemma dU] is postponed to the Appendix. 
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6 ine spaces ^p(.)^^(.) ana ^p(.)^^(.) 


In this section we present the Fourier analytical definition of Besov-type spaces of 
variable smoothness and integrability and we prove the basic properties in analogy to 
the Besov-type spaces with fixed exponents. Select a pair of Schwartz functions <I> 
and ip satisfy ([I]) and ([2]), respectively. It easy to see that J^„x'^ip{x)dx = 0 for all 
multi-indices 7 G Nq. For the convenience of the reader we repeat the definition of the 
spaces ^p(.),g(.) and • 

Definition 1 Let a : ML ^ W, p,q,T E Vq and $ and ip satisfy ([T]) and ([2]), respectively 
and we put (p^ = 2'"'^ip{2'"■). 

(i) The Besov-type space is the collection of all f G such that 


\\f\\§<^(),p() := sup 

p(-)M-) PeQ 


IPI1/P(-) ^PJ 


< 00 , 

£'i(-)(LP(-)) 


where p>Q is replaced by d). 

(ii) The Besov-type space is the collection of all f G such that 


( 10 ) 


ll/ll b-H-.o := sup 

pCO.iiC) PeS 


* / 

IIXp|lr(.) 



v>vf 


< 00 , 


£<!(■) (LpO)) 


where p>Q is replaced by d). 


Using the system {</3^}^gNo we can define the norm 

1 


i/<? 


b: 


..r := sup 
PeQ 


P 


2”“’II(p.*/)xpII 


for constants a and p,q E (0, cx)]. The Besov-type space Bp 'f consist of all distributions 
/ G for which ||/||^a.T < 00 . It is well-known that these spaces do not depend 

on the choice of the system (up to equivalence of quasinorms). Further details 

on the classical theory of these spaces can be found in [ 8 ] and see also [ 10 ] for 
recent developments. 

One recognizes immediately that if a, r, p and q are constants, then Bplq’ql) = 
and = B^p. When, q := 00 the Besov-type space consist of all 

distributions / G such that 


sup 

P&Q,V>vf, 


* / 

|P|i/p(-) ^p 


< 00 
pi-) 


and the Besov-type space ' 


,a(-),r(' 

),oo 


consist of all distributions / G such that 


sup 

P&Q,v->vf 


* / 

llXpllr(-) 
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Xp 


< 00 . 
pi-) 























Let Bj be any ball of M" with radius 2“'^, J G Z. In the dehnition of the spaces 

replace the dyadic cubes P by the balls Bj, then we obtain 
equivalent quasi-norms. From these if we replace dyadic cubes P in Dehnition [1] by 
arbitrary cubes P, we then obtain equivalent quasi-norms. 

The spaces were introduced and studied in nn, where we proved that our 

spaces are well-defined, i.e., independent of the choice of the resolution of unity and 
we gave some properties of these function spaces, see Theorem [H below. Moreover the 
Sobolev embeddings for these function spaces are obtained. While the hrst time we 
introduce the spaces with the quasi-norm (iTOll . Independently, D. Yang, C. 

Zhuo and W. Yuan, [H] studied the function spaces where several properties 

are obtained such as atomic decomposition and the boundedness of trace operator. 
Moreover, the following remarkable features are given in where these results with 
hxed exponents are given in [32] and |42j . 


Theorem 1 Let a G Cjoc? PjPitP 2 , <1,^ & and 0 < < oo. 

(i) Let Too e (0,p“]. If (l/r — l/p)~ > 0 or (1/r — l/p)~ > 0 and q := oo, then 

^pi'^pi-) ^ with equivalent norms. 

(ii) If (P 2 -pW< 0. then Wy)+«/«(-)-»/P.(.) ^ 

Ini') We have 

^ ]qot{-)+n/T{.)-n/p{-) 

> —/■ N ^ rsr\ • 


?(■).'?(■) 


Here is the Besov space of variable smoothness and integrability and it is the 

collection of all / G such that 


B' 


«(■) : = 


(2 


VOl{-) 


Pv 


/) 


v>0 




< OO, 


which introduced and investigated in [T] and ini for further results. Taking a G M 
and q G (0, oo] as constants we derive the spaces 5“^.^ ^ studied by Xu in [13] and [31|. 
We refer the reader to the recent paper |30| for further details, historical remarks and 
more references on embeddings of Besov-type spaces with hxed exponents. 

Let 0 < M < p < cxD. The Morrey space Ai^ is dehned to be the set of all n-locally 
Lebesgue-integrable functions / on M"’ such that 


Ml 


:= sup \B 

B 


Ifu 

\f{x)\^dx] < cx). 


'B 


where the supremum is taken over all balls B in M."'. The spaces are quasi-Banach 
spaces (Banach spaces for u > 1). They were introduced by Morrey in [21] and belong 
to the wider class of Morrey-Campanato spaces, cf. [23]. They can be considered as 
a complement to L^ spaces. As a matter of fact, Ai^ = L^. One can easily see that 
A4l^ Ail^ ii 0 < u < w < oo. 


Definition 2 Let a:M”—)-R, 0<M<p<oo and 0 < q < oo. Let <F and (p satisfy 
o and ((2|), respectively and we put = 2’'”<p(2’'-). The Besov-Morrey space Afp^qX is 
the collection of all f G such that 


Ml 


,(■) := 


E 

vi;=0 


I 2^va{-) 


Tv 
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where is replaced by $. 


Besov-Morrey spaces with fixed exponents were introduced by Netrusov [22]. Kozono 
and Yamazaki [18] studied semilinear heat equations and Navier-Stokes equations with 
initial data belonging to Besov-Morrey spaces. The investigations were continued by 
Mazzucato m, where one can find the wavelet decomposition of Besov-Morrey spaces. 
On the other hand, the Besov-Morrey space Afp^ u is a proper subspace of the space 

Bu'^q ^ with u < p, and q < oo, see [29]. Further properties for these function spaces 
can be found in I2SI. 1271 and [28] . 

Recently, Triebel in [35] further introduced and studied some local versions of these 
smoothness Morrey-type spaces and also considered their applications in heat equations 
and Navier-Stokes equations. More recent results can be found in [39], where they 
studied the relations between Triebel’s local spaces and the Besov-type and Triebel- 
Lizorkin-type spaces and their associated uniform spaces. 

D. Yang and W. Yuan introduced and investigated in [SB] and [2Z] the homoge¬ 
neous Besov and Triebel-Lizorkin spaces, which generalize the homogeneous Besov 
and Triebel-Lizorkin spaces. 

The Besov-Morrey spaces with variable exponents have been first introduced in [T3], 
where are introduced equivalent quasi-norms of these new spaces, which are formulated 
in terms of Peetre’s maximal functions. Also the authors obtain the atomic, molecular 
and wavelet decompositions of these new spaces. 

In the next proposition we present the relations between variable Besov-Morrey spaces 
and variable Besov-type spaces, see 

Proposition 2 Let a G 0 < q < oo and 0 < p < u < oo. 

(i) For 0 < q < oo we have the continuous embeddings 


(ii) We have 


^ u,q,p 




u) 


■ u,oo,p 


Sometimes it is of great service if one can restrict suppgg in the definition to a supre- 
mum taken with respect to dyadic cubes with side length < 1. 

Lemma 11 Let a G (71°^ and p,q,T E with Too G (0,p“] and 0 < q~^ < oo. 

(i) A tempered distribution f belongs to if and only if, 


l(.),p(.) := sup 
p(),9() {PeS,|P|<i} 




-Xp 


V>Vp 


< oo. 


pi(')(Lp(')) 


5 c(.).p(.) and ||/||f„(.),p(.) are equivalent. 


Furthermore, the quasi-norms 
(ii) A tempered distribution f belongs to if and only if. 


(■)..(•) := sup 


''p().'j() {PsS,|P|<i} 

Furthermore, the quasi-norms | 



V>Vp 


< OO. 






equivalent. 

p(-),<i{-) 
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The proof is similar to that of [TT] . We omit the details. 


Remark 1 (i) We like to point out that this result with fixed exponents is given in 
Lemma 2.2] with l/r in place of t. 

(ii) Let a G p, g, G and 0 < < oo. As in /77]/ . we obtain = RSd'L- 

Also, ^ /(a;)| < c ||/||^„(.),.(.) for any x eW, a e and 

pCO.iC-) 

p,g G Vq^. 

(hi) It is clear that if a and p are constants, then see JT^ for the 

properties of 

(iv) VTe can easily prove that if a G C'joc? PW ^ 0 < g"*" < oo, then Bfj')']]‘>'} M- 


noi{-),p{-) 
p(')W) ■ 


(v) In m the definition of Besov-type spaces is based on the technique of 

decomposition of unity. 

Let a G C\ff,p, q G and ao < oT. We obtain 


KAFI ^ = -BSoo ^ 5 '(k”) 


Let a"*" < «!. We obtain 


R«l — D“i-p(-) qA-),p( 

-O 00,00 — ^n(.).oo ^ ^d(.).o(. 


p(-),oo 


p(-).g(-) 


We nse Apl')’g(.) to denote either or . 


Theorem 3 Let a G and p,q,T & Vq'^ with 0 < g+ < oo. Then 

5(K") ^'(R”). 

Similar argnments of m can be nsed to prove the following Sobolev-type embeddings. 

Theorem 4 Let ao,ai G (7)°^ and Po,Pi,g £ ^* 0 °® with 0 < q'^ < oo. If ao > Oi and 
ao(x) - = afix) -^ with (—^ < 1, then 

^ po{x) ^ pi(x) \P^ J 


B 


poDMI 


pi(-)>9(-) ■ 


Notice that the case of spaces is given in [TT]. 

Let $ and ip satisfy, respectively ([T]) and ([2]). By [131 PP- 130-131], there exist fnnctions 
T G iS(R”) satisfying ([T]) and fi G satisfying ([2]) snch that for all G M"' 


+ 5^-Fp(2-^'0^V'(2-^0 = 1, e e 

i=i 

Fnrthermore, we have the following identity for all / G see [131 (12.4)] 

OO 

/ = + 

4J = 1 

OO 

= XI ® * /M^(- - "i) + X X * /(2"’'m)Z’^(- - 2-^m). 


( 11 ) 


meZ" 


U = 1 


meZ’’ 


11 




Recall that the (/ 9 -transform is dehned by setting (S'^)o,m = (/, *hm) where = 

$(x - m) and where - m) and v E N. The 

inverse (/9-transform is dehned by 

OO 

T^A = ^ Ao.md'm + ,m5 

m&P- v=l 

where A = {Xy^m E C : v E No, m E Z”}, see [13]. 

For any 7 G Z, we pnt 

||/||b«(),p() := snp 

p(),i() {PeQ,|P|<i} 

and 

||/||o«(),-() := snp 
p().p() PeQ 

where (p_^ is replaced by 
Lemma 12 Let a E p,q,T E and 0 < q'^ < 00 . The quasi-norms ||/H%( ),r( ) 

p(-)M-) 

ll/IL“( ).^( ) equivalent with equivalent constants depending on 7 . 

P(-).9(-) 


IIXp|lr(.) 


-Xp 


i;>Up—7 


< CX), 


mCOi'cpC-)') 


* / 

|P|Vp(-) 


Xp) 

/ V^Vp—^ 


< 00 




Proof. By similarity, we only consider and the case 7 > 0. First let ns prove 

that ll/ll Rc.( ),r( ) < c ll/ll „c,( ),r( ). By the scaling argnment, it snffices to consider the 

p(-),p(-) p(-)M-) 

case ll/ll oa( ).T( ) = 1 and show that the modnlar of / on the left-hand side is bonnded. 

P(-).9(-) 

In particnlar, we will show that 


E 

v=vf—'y 


* / 

llxp|lr(.) 


q(-) 


Xp 


< c 


p(-) 

in 


for any dyadic cnbe P. As in [l 2 l Lemma 2.6], it snffices to prove that for all dyadic 
cnbe P with /(P) > 1, 


< c 

p(-) 

<j(-) 

and for all dyadic cnbe P with /(P) < 1, 




D = —7 


2 "“('Vp * / 


llx 


pIIt(-) 


q(-) 


Xp 


Pp —1 

.jp= 

v=vp—'y 


* / 

llXpllr(-) 


9(0 


Xp 


< c. 


p(') 

in 
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The estimate of Jp, clearly follows from the inequality 

V = — 7 , ...,0 and any dyadic cube P with /(P) > 1. 
as showing that 


Vv*f 


llx 


Pllr(.) 


< 7 (-) 


Xp 


pi-) 

W) 


< c for any 


This claim can be reformulated 


By ([T]) and ([ 2 ]), there exist G 


f 

IIXp||^(.) 


Xp 


< c. 


( 12 ) 


pi-) 

= — 7 , • • •, —1 and 7 i, 72 ^ such that 


v = - 7 , 


T and (p = ^ + rj^ * 'Pi- 


Hence * f = oj^ * ^ * f for v = — 7 ,—1 and p^* / = 7]^ *^*f + ri 2 *Pi*f. 


Applying Lemma IU 
of (m by 


and the fact that 


B 


'pi-)M-) 


< 1 to estimate the left-hand side 


C 11 ^ * /llpp() + C \\pi * fW^pi-) < c. 

P(.) 

To estimate Jp, denote by P(7) the dyadic cube containing P with /(P( 7 )) = 2'^1{P). 

||xp(7) IL(.) 


If vp > 7 -|- 1, applying the fact that vp(^^) = up — 7 , 
P C P( 7 ), we then have 


llx. 


pin(.) 


c (see Lemma [3]) and 


Vp — 1 


jp^ 

V=Vp^^) 


* / 

gi-) 

bfp 7 ) r(.) 

Xp( 7 ) 


< C. 


p(-) 

<?(■) 


If 1 < Up < 7 , we write Jp = J2v=vp-'y ' ' ' + • ■ ■ = Jp Jp. Let P( 2 ’'^) the 

dyadic cube containing P with /(P(2^^)) = 2'^pI{P) = 1, by the fact that < 

2 nvpiT ^ ^ ggg Lemma [3l we have 


llx 


Pllr(.) 


r < 
•Jp ~ 


Vp — \ 

'P(2”P) 


1 ) -P p I'o'^ 


* / 

qi-) 

XP(2’'P) 

Xp(2"’p) 


< c. 


pi-) 

W) 


By a similar argument to the estimate for Jp, we see that Jp < c. 
For the converse estimate, it suffices to show that 




llx 


Pllr(.) 


<?(•) 


Xp 


< c 


pi-) 


for all P G Q with 1{P) > 1 and all / G with 


B' 


<-),<-) ^ 


< 1. This claim can 


be reformulated as showing that 


llx 




Pllr(-) 


Xp 


G V = -7,-”, 1, such that $ * / = + EL 1-7 Pv*^v* f, see 

p. 130]. Applying Lemma m we obtain 


pi-) 
7 ■ 


pi-),<ii-) 

< c. Using the fact that there exist 


||p_^ * <I>-7 * /||^P() < ||*f>-7 * /llpP() < C, 

t(-) -ri-) 
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and 


IIp^ ^ \Wv * /ILp() < c, n = 1 - 7, • • •, 1, 

•>■(■) ’-(■) 

by using ([9]) and the fact that ||/|| r«( ),t( ) < 1. The proof is complete. ■ 

Definition 3 Let p,q,T E Vq and let a : M" —)■ M. Then for all complex valued 
sequences A = {\v,m E C : v E No,m E Z”} we define 


— I \ . 


f,o:(-),P(-) ^ CX) [■ , 


where 


and 

where 


ra(-),p(-) := sup 

p(-),q(-) PgQ 


( 2’'("(')+V2) \ \ 

- Xp 


mdlP 


\ 


|p|iM-) 


/ 


v>v'f 




^pl)'ql) 1 -^ • < °° 


p(-)M-) 


,q(),t() :— sup 
p(-).9(-) PeQ 


/ 2^("(')+V2)\ \ 

- Xp 


m£l/‘ 


\ 


llx 


pIIt(-) 


y 


V>Vp 


l<ii:)(LP(-)) 


If we replace dyadic cubes P by arbitrary balls Bj of M"" with J E 7^, we then obtain 
equivalent quasi-norms, where the supremum is taken over all J G Z and all balls Bj of 
M”. In the dehnition of the supremum can be taken over all dyadic cube P, with 

|P| < 1. Similarly, we use (ipl'j’gl) to denote either Let ao,ai E C'^°f 

and Po,Pi,q,T E with 0 < g+ < cx). If Oq > «! and ao(x)-^ = afix)-^ 

with ( — j <1, then us in m, we can prove the following Sobolev-type embeddings 


Po{-),q{-) pi(-)>'?(-) 


Lemma 13 Let a E Cl°^, P,q,x E V^q^, 0 < < oo, V E No,m E 7"^, x E Qv,m o,nd 

A G ■ Then there exists c > 0 independent of v and m such that 

|A„,„| < c 2-<“W+"/2) ||A||„.h.,h ||x'„,™IL,, ||x„„||:A 


and 


|A 


v^m 




||A|U(.).p(.). 


Proof. By similarity, we only consider Let A G E No,rn E Z”' and 

X E Qv,m, with Qy^rn e Q. Then |A„,m|^~ = \Qv,m\~^ Jq^ ^ \Km\^~Xv,miy)dy- Using the 
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fact that < c for any x,y E Qv,m and \Qv,m\^^^^^'^ ~ ll^i),m||p()) see ([6]), we 

obtain 


nv{a(x)-\-n/ 2 )p 

_lA \P' 


< 


I Qi;,r 


1-1 


2v{a{y)+n/2)p 


Qv,r} 


Ik. 


\v~ 

Ip(-) 


■\Km\^ Xv,miy)dy 


< 


n 


1-1 


v,m I 



2via{y)+n/2)p 


Applying Holder’s ineqnality to estimate this expression by 


^\Qv,r. 


1-1 


2via{-)+n/2)p 




-/p(.) Xv,r 


||x.,r: 


p/p 


I (p/p )' 


< 


'(•).P( ) |k.,m Wn/n- ’ 


v(-),q{-) 


1-1 

Ip/p- 


where we have used ([5]). Therefore for any x G Qv,m 




1-1 

Ip(-) 


^ 2-v{a(x)+n/2) 


T“(').p(-) ) 
%(■),<!(•) 


again by (jb]), which completes the proof. 


Lemma 14 Let a G Cioc? PjQj'p ^ nnd T, i/; G satisfy, respectively, ([T]) 

and ([2]). Then for all X G 


T^X : = 


OO 

^ ^ Aojm'hm + ^ ^ ^ ^ ^v,mf^v^rm 
mSZ" .= 1 m^lX- 


converges in moreover, is continuous. 

Proof. By similarity, we only consider Let A G and cf G Observe 


that 


?(■).'?(■) 


P(-)-9(-) 


I A.,' 


, < 

ml rsj 


2-.(«-+n/2) ||x. 




X) 


^ 2i>n{l/p~ — l/2—a~/n—l/T'^) 


p(-)M-) 


for all dyadic cubes Qv,m- Let M > max(n,n/p —a — n/r^ — n). We see that, 
|Ao,,r^||(^m,0)| < ||A||^.(.)..(.) ^ [\'^{x-m)\\(p{x)\dx 




m&IX 


< ||A||^a(.).r(.) 

P(-).9(-) 


iw^M E(i + i™i) 


—n—M 


m£lP 
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On the other hand, by [l2l Lemma 2.4], we obtain 


< 

rsj 


< 

rsj 


EE I ^v,m 11 (V’ v^mt 0)1 

v=l 


2 ^—vn(a /n+l/r"*" —1/p +l+Af/n) 

II^IIsm+i II0II<Sm+i _|_ 

II 0 II 5 M +1 11'^11’ 


which completes the proof. ■ 

For a sequence A = {Xv,m G C : n G No, m G Z"^}, 0 < r < 00 and a hxed d > 0, set 


A 


v,m,r,d 


E 

\h€X^ 


|A 


1 /r 


v^h I 


(1 + - 2 -^m|)'^ 


:— {Xl^jn,r,d 


G C : n G No,m G Z'"}. 


Lemma 15 Let a G 0*°®, p,q,T G Po°^, 0 < q~^ < 00 , 0 < r < p and a = 
rmax(2ciog(q') + ciog(a),2(^ — -^) + — a~). Then 


where 


“p(-).9(-) 


“(■).t(') 

h(-).9(-) 


dx! n + ffl + n/T- »/ 

+ a + c,„g(l/p) + n/p- if a”|'h,', = *“(tj')' 


n 


The proof of this lemma is postponed to the Appendix. 


Theorem 5 Let a G 0’°®, p,q,T E and 0 < q^ < 00 . Suppose that $, T G 

satisfying ([T]) and </ 5,'0 G satisfy ([2]) such that ffTTl) holds. The operators ■ 








and 


are bounded. Furthermore, T.,jj o is 


?(■),<?(■) 


the identity on . 


Proof. By similarity, we only consider cind For any / G we 

put sup(/) := {sup^ „j(/) : v G No,m G IT} where 

sup(/) := 2 "^’"/^ sup 10 ; * f{y)\ 

v,m yeQv.m 

if n G N, m G Z” and ^ 

sup(/) := sup !$*/(?/)I 
0 ,m y&Qo,m 

if m G Z"". For any 7 > 0, we dehne the sequence inf.y(/) := {infi,_m, 7 (/) : v G No,m G 
Z"} by setting 

inf (/) := sup { inf \^*f{y)\-. Qv+-t,h O Qy,m 7 ^ 0} 

If,771,'Y y^Qv-\-'^ ,h 
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if f G N, m G Z,” and 


inf (/) := 

0,m,7 


sup { inf 

/isZ'* y^Q~t,h 


1*^* * f{y) \ '■ Q-yA n Qo,m 7^ 0} 


if m G Z"". Here ^Pj{x) := 2^'^(p{—2^x) and <f)(x) := <f>(—x). As in Lemma A.5 of [I3] 
we obtain 

l|inf7(/)||^a().T() 7 I|/IIb“()'^() 

P(-).9(-) P(-).9(-) 

for any a G , p,q,T e Po°®, 0 < q~^ < oo and 7 > 0 sufficiently large. Indeed, we 
have 


l|inf 7 (/)IL“().-() = csup 

"p{-)M-) P&Q 


meZ" 

- Xp 


V 


llx 


Pll-r(-) 




j>i>P+y 


£<!(■) {LP(-)) 


Define a sequence {Ai,fc}jeNo,fcez- by setting A*,a, := 2 * /(|/)| and 

Ao,fc := infyeg^.fc 1^ * f{y)\- We have 


inf (/) := sup{Aj-,j : Qj,h D Qj—7,m 7^ 0} 

h£Z^ 


and 

inf (/) := sup {Ao,h : Q^,h H Qo,™ 7^ 0}- 

0,m,7 heZ" 

Let h G Z" with Qjfl 7^ 0- Then Aj^/i < c ^*j^k,r,d nny A; G Z” with 

<5yfc n 7^ 0- Hence 


E 

meZ" 


. inf (/)x,_, 

j-7,m,7 


< 
7,m ^ 


^ ^ ^j,k,r,dXj,k 


fceZ" 


and 


l|inf7(/)IL-( ).-() < sup 


p(-)M-) P£Q 


- Xp 


llx 


pIIt(-) 


' jPvp+'y 


£<!(■) {LP(-'>) 


Notice that P = where {Pm}m=i nre disjoint dyadic cubes with side length 

l{Pm) = Therefore, taking 0 < s < A min(p“, g“, 2) and applying Lemmas [3] 

and [151 


27^1 

l|inf7(/)llb-( ),-( ) < sup 


/^,E \ 

XPr, 


fceZ" 


V 


llx 


PI7(.) 


/ 


7>(i;p+7)+ 


£9(-)(Lp(-)) 


< 


~ sup 
P&Q 


/cEZ”' 


V 


llx 


pIIt(-) 


-Xp 


h 


i>7 


M-)(Lp(-)) 
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By Lemma [T 2 I we obtain 


l|inf7(/)ll6“()'-( ) < c 

p(-)M-) 


B' 


‘(■).t(') ^ C 


B 




Applying Lemma A.4 of [13], see also Lemma 8.3 of [2|, we obtain inf.^(/)*^ sup(/)*^. 

Hence for 7 > 0 sufficiently large we obtain by applying LemmafT^ ||inf..^(/)* 


l|inf7(/)llb-(),-() 


and ||sup(/) 




r,d 

p(-),<i(-) 


sup(/)|L.().r(.) for any a E ^ 1 '°^, p,q,T E 


Po°^, with 0 < < 00 . Therefore, 




I|inf7(/)lli 


“(O.tC-) 

P(-).9(') 


B 


c(.).r(.) |lsUp(/)||.a(.).r(.) 


P(-),<!(-) 


p(-)M-) 


Use these estimates and repeating the proof of Theorem 2.2 in [13] or Theorem 2.1 in 
[42] , and complete the proof of Theorem [5l I 

From Theorem [S] we obtain the next important property of spaces ■ 


Corollary 1 Let a e 7“?, p,q,T E and 0 < q^ < 00 , The definition of the spaces 

is independent of the choices o/<F and p. 


4 Decomposition by atoms 

In recent years, it turned out that atomic and sub-atomic, as well as wavelet decompo¬ 
sitions of some function spaces are extremely useful in many aspects. This concerns, for 
instance, the investigation of (compact) embeddings between function spaces. But this 
applies equally to questions of mapping properties of pseudo-differential operators and 
to trace problems, where arguments can be equivalently transferred to the sequence 
space, which is often more convenient to handle. The idea of atomic decompositions 
leads back to M. Frazier and B. Jawerth in their series of papers [12], [13], see also [34] . 

The main goal of this section is to prove an atomic decomposition result for 

Aolc') ■ Atoms are the building blocks for the atomic decomposition. 

Definition 4 Let K E Nq, L -|- 1 G Nq and let j > 1. A K-times continuous differen¬ 
tiable function a E is called [iF, L]-atom centered at Qv,m, n G hJo and m E IT, 

if 


supp a C 


(13) 


and if 


/ x^a{x)dx = 0, 


, for 0 < |/3| < A:,a; e 
for 0 < |/9| < L and n > 1. 


(14) 

(16) 


If the atom a located at Qv,m, that means if it fulhlls ffT3|l . then we will denote it by 
For n = 0 orL = —1 there are no moment conditions ffT3]) required. 

For proving the decomposition by atoms we need the following lemma, see Frazier & 
Jawerth [T21 Lemma 3.3]. 
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Lemma 16 Let $ and (p satisfy, respectively, ([T]) and ([2]) and let he an [K,L]- 
atom. Then 

ks » P„(n \< c (1 + 2” |x - 

if V < j, and 

\v, * P„Px)\< c 20-»)(i+”+i)+W2 (1 + 2^ _ :Eg.,„l)-" 

if v > j, where M is sufficiently large, = 2i'^p{2L) and Pq is replaced by 
Now we come to the atomic decomposition theorem. 

Theorem 6 Let a G and p,q,T G with 0 < q~ < < oo. Let 0 < p~ < 

p'^ < oo and let K, L + 1 & Nq such that 

K >{[a^ Pn/T~] + lY, (16) 


respectively 


K > ([«+ + n/p"] + 1)+ 


and 

L > max(-l, [n(—-- - 1) - a"]). (17) 

mm(l,p“) 

Then f G iS'(M"') belongs to , respectively to , if and only if it can he 

represented as 

OO 

f = '^ Xv,m0y,m^ converging m S'(W"), (18) 

v=0 meZ" 

where are [K,L\-atoms and A = {\v,m G C : n G No,m G IT} G > respec¬ 
tively A G Furthermore, inf || AILaco.^c), respectively inf \\X\\-ra(),T(), where the 

p(-)M-) 

infimum is taken over admissible representations (na. is an equivalent quasi-norm in 
Ki-Ui-)’ respecUvely 


The convergence in iS'(M"') can be obtained as a by-product of the proof using the same 
method as in [HU Corollary 13.9 ], so the convergence is postponed to the Appendix. 

If p, q, T, and a are constants, then the restriction fITBD . and their counterparts, in the 
atomic decomposition theorem are K > {[a + n/r] -|- !)■*■ and L > max(—1, — 

1) — a]), which are essentially the restrictions from the works of [TUI Theorem 3.12], 
with 1 in place of r. 

Proof. By similarity, we only consider The proof follows the ideas in [T2| 

Theorem 6]. 

Step 1. Assume that / G By'^’yy Using the same of the arguments used in [9l 
Theorem 3] we obtain a sequence {A^,m} and (atoms in the sense of Dehnition 01) 

CXD 

such that f = ^V,m2vm and ||A|| .r(.) < c||/|| ,.(.).r(.). 

i;=0meZ" ’ p('),9(-) p(-).9(') 
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Step 2. Assume that / can be represented by fflSj) . with K and L satisfying flT6|) 
and (Ell, respectively. We will show that / G and that for some c > 0, 


Rc.( ).r(.) < c ||A|| a(.).r(.). We Write 


f ^ ^ ^v,mPv,m ^ ■ • ■ + ^ 

h»=0 v=j-\-l 


v=0 


Recalling the dehnition of space, it suffices to estimate 


Y1 ^ I ^ 


, i)=0 mSZ" 


i>o 


. v=j mSZ" 


i>o 


in {LP^'">)-noTm. From Lemma fT6l we have for any M sufficiently large and any 

V <j 


J2 

mGZ'^ 

< ^ + 2" |3, _ 


-M 


meZ" 




r(q(x)— n/2) 


mEZ’’ 




t!(o(a;) + l/2) 




meZ" 


by Lemma [3 Lemma □ gives * Xv,m ^ Vv,t * with T = M- ciog(a) 

and since K > + n/T~ we apply Lemma [TUI to obtain 


< 


E^' 

v);=0 


Vv,T * 


j)(K-a+) 

W,T * 

c^v{a{-)+n/2) |\ 1.^ 

^ ^ Av,m 

) 


me.IP 

h 


£'r(').9(-)(LP(-)) 


2v{a{-)+n/2) i ■> i 

^ ^ K'R,m| At;,ri 


mEZ’^ 


The right-hand side can be rewritten us 

/ 


sup 

PeS 


{pv,T * 

2v{oi{-)+n/2) |\ 1 

m£Z‘^ 

j 

IIxpIIw.) 


l,T{-),q{-)[LP^'l) 


\ 


Xp 


1/r 




^ sup 
P&Q 


Vv,Tr * 

2via{-)+n/2)r |\ U 

^ K''U,m| Ai;,m 

\ 


mEZ’^ 



IIxpII^o) 

AP 


V>Vp 


1/r 


f9(')/'r(LP(')/’') 
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by Lemma [H since 
Lemma [5] and the fact that {gy) 
the last expression is bounded by 
M sufficiently large and v > j 


VvT * VvT 0 < r < min(l,p ). The application of 

l/r 




£Q(-)/r(^Lp(-)/r'j 




£i(-)(LP(-)} 


give that 


,c.( ).t( ). Now from Lemma [TBl we have for any 


< 20-)T+l+n/2) ^ 2^(a(.)+n/2) ^ 

_ 2U-v)(L+l+n/2) ^ 

meZ" 

< o(j-y)(J^+l+n/2) nj(a(x)-n/2) j \ I 'i 

m£Z'^ 

where the last inequality follows by LemmaEl since = Vrnmiv, j),M- Again by Lemma 
[71 we have 

Vj,M * Vv,m(^ - ^Qv,m) ^ * Vv,M * Xv,m{x). 

Therefore, y \H^j * Pv,mi.^)\ is bounded by 

mGZ'^ 


^ 20-)(i+i-»/2) ^ |A„,,.| „ , x.Jx) 


m&I/' 


< ‘}{j-v){L+l-a ) 

^ ^ Vj,T * Vv,T * 


2v{a{-)+n/2) |\ I 

^ ^ \^v,m\ At 


meZ" 


UC 


by Lemma HI with T = M — ciog(a). Let 0 < r < min(l,p ) be a real number such 
that L > n/r — 1 — a~ — n. We have 


E2“ 


—v){L+l—a ) 


< 


,v=j 
oo 

v=j 
oo 

< ^2« 

v=j 


—v){L-\-l—a )r 


Vj,T * Vv,T * 


Vj,T * Vv,T * 


2 v{a(-)+n/ 2 ) I A I 

^ ^ \^v,m\ Av,m 

mEZ'^ 

ot(a(-)+n/2) |x I 

^ ^ Xv,7 


mEZ^ 


—v)(L—n/r-\-l—a -\-n)r 


Vj,Tr * Vv,Tr * 


nv{a{-)+n/2)r |\ \r 

^ / j Xv,r 


mEZ^ 


where the hrst estimate follows by the well-known inequality {y2%o Wj\j — Yl'JLo 

with {aj}j C C, a G [0,1] and the second inequality is by Lemma [HI The application 
of Lemma [5l gives that 


/ oo 

2v(a(-)+n/2) |\ 1 

^ ^ \^v,m \ Xv,m 

) 

\v=j 

mEZ”- 

A- 


£t{-),<i{-)[LP^-)) 
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is bounded by 


c sup 
PeQ 


2v{ai.)+n/2)r ^ Xv 


\ 


-Xp 


V 


1/r 


IIxpII^o) 

/ ...+ 

/-r (^LP(-) / r-^ 

where H ■= L — n/r + n + l — a~. Observing that H > 0, an application of Lemma [TOl 
(this is possible, see the proof of this lemma) yields that the last expression is bounded 
by 


c sup 
Pes 


Vv,Tr * 

2v{a{-)+n/2)r |\ U 

meZ" 

\ 


1 Xp|lr(-) 

Xp 


/ 


l/r 


< 


p(-)M-) 


£'l(-)/r(£p(-)/r'j 

where we used again Lemma [5] and hence the proof is complete. ■ 

5 Appendix 

Here we present more technical proofs of the Lemmas. 

Proof of Lemma [2l First let us prove that 

\ujN*g{x)\<c{ri^^^*\uN*g\'"{x)Y^^, (19) 

where c > 0 independent of g, N and x. Let 0 be a function in S (M"') satisfying 
J^cf) = 1 on B{0, 1). Then un * g = * un * g and we can distinguish two cases as 

follows: 

• 1 < r < cxo: observe that 

|^^v*^(a:)| < c / r]^^^/Yx-y){l +N\x-yl)-"'/'''\^N * g{y)\dy, 

JR" 

where r' is the conjugate exponent of r and we have used the fact that \(j){Nx)\ < 
c(l + A^|x|)“"*. By Holder’s inequality, 

|a;w*<7(x)| < cAr-T'(r;^,^H^iv*<7r(x))^/^||(l + iV|-|)--/’'' 

< c {x)Y^^. 

• 0 < r < 1: we put g2;,N,mix) ■= sup and we have 


j/SR’' 


l^iv * g{z) \<c VN,mi^ - y) \<^N *g{y)\ dy. 

jR" 

We use the estimate (1 + iV |z — y\)~'^ < {I + N \z — x\)"^ {1 + N \x — y\)~"^ we obtain 
g^pM ^ c / yN^^{x-y)\ujN*g{y)\^~Y^N*g{yWdy 

JR" 

< c{gYN,mix)Y~'' VN,mix-y)\uJN*g{yWdy. (20) 
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Since is a tembered distribution and u E S (M""), \ojn * g{y)\ is dominated by 

= cN" sup sup|9MA'(i-!/))l(l + |i|r+"+'‘'' 


for some M eN and any y eW^, with C > 0 independent of N and y. Therefore, 

\^N*g{y)\ 


guj,N,r 


(X = 


y^in {1 + N \y - x\)^ 

< max(Ar^^+”, iV-2^)(l + N \y - x|)-”^(l + N\y\)^+^^ 

< C{N){1 +N\x\)^+^^ 


if m > n + 2M and hence Nmi^) is finite (of course m > n + 2M). Now we use 
the idea of [251 Lemma 2.9]. Observe that the right-hand side of (IT^ decreases as m 
increases. Therefore, we have (IT^ for all m > n but with c = c{g) depending on g. We 
can easily check that ([19]), with c = c{g) imply that assume that 

the right-hand side of flT^ is finite (otherwise, there is nothing to prove). Returning 
to (12U]) and having in mind that now < oo, we end up with 


iC.N,m{x)y <C VN,m(x “ V) \(^N * givW %, 


( 21 ) 


for all m > n and c independent of g, N and x, which completes the proof of flT^ . 
Now observe that 

\0n*ujN*g{x)\ < c / gj^Jx - y) \un * g{y) \ dy 


< c max 1^1, 

< c max (1, 


lg:,N,m{^)R^ [ {I + R\x - yir-'^dy 

' ./TCPn 


< (^gl,N,rri^) / gRA^-y)^^RR^\^-y\T^y 

. Id' 

' N\^\ ^ 

j g LO,N ,m^R) 1 

provided we pick d > m + n and c independent of g, N and x. Hence the proof of ([8|) 
is complete by using ([2T|). 

Proof of Lemma jH By similarity, we only consider L(]| j. We use Lemma [21 in the form 


\0r*Un* fix)\ <C max(^l, ) (h7V,m * l^iV * /r ((r))^^h 

where 0 < r < p~, m > 2n + ciog(y)r and x E P. We have, with k = (fci,..., kn), 

\ujn * f{z)\' 


VN,m*\^N * fl'' (x) = 


(1 -I- iV |a; — 2;| 


rdz 


= / ■ ■ 'dz + / • ■ -dz 

|fci|>2 ^ P+^KP) 

= f){x)+ f)ix). 

\ki\>2 


23 




Thus we obtain 


Or^ujn * f 


< 


llx 

max (1, 


-Xp 


PIIt(-) 

y\r \ mr 

'r 


pi-) 


* /) 


llXi 


Xp 


X) 


p{-)/r 


+ max ^1, ^ 


^ \ mr 

'r 


E 


.\ki \>2 


* /) 


llXi 


-Xp 


X) 


( 22 ) 


p{-)/r 


Let us prove that the first norm on the right-hand side is bounded by 

UJn* f 


llx 


'Xsp 


Pllr(.) 


(23) 


pi-) 


We have 


iii(-»»/)wi< iv"/ 

V (l + iV|a;-2;|) 


Now the function z 


is in (since m > n), then using the majorant property 
for the Hardy-Littlewood maximal operator Ai, see E. M. Stein and G. Weiss m 


(i+hl)” 


Chapiter 2, (3.9)], j (a:) < M{g){x), it follows that for any 

a; G P, E C M.{^u:n * f\^Xzp^{x) where the constant G > 0 is 

independent of x and N. Hence the first norm of (|2^ is bounded by 


M(- - TT^X^P 


Wxi 


X) 


< 

n>j 

\ujn * /r 


UJn* f 

II m Xsp 

1 Xp|lr(.) 

— 

II II ^3P 

1 Xp|lr(.) 

pi-)/r 

pi-)/r 


pi-) 


after using the fact that M. : Lp^')R —)■ L'p^')R is bounded. Notice that 3P = 
where {Ph}T=i disjoint dyadic cubes with side length l{Ph) = ^(P)- Therefore 
Xsp = Ylh=i XPf, cind the expression in fl2^ can be estimated by 

3" 

^E 


h=l 


UJn* f 


\Xp, 


Xp. 




pi-) 


^ * /ll^p(-) , 

P(-) 


where we have used the fact that 


\^Ph 


llXpllr(-) 

hrst part is hnished. The summation in 

E •■•+ E ■ 


— < c, see Lemma El (ii) and the proof of the 
can be rewritten us 


(24) 


The estimate of the first sum follows in the same manner as in the estimate of J}^{ujn* 
/), so we need only to estimate the second sum. Let us prove that 


ifcr 


-c,..R)r '^N,k^^N * f) 


llx 


pIIt(-) 


Xp 


< 


{Nl{P))’ 


p{-)/r 


\uJN*f\' 


|Xp+w(P)||.^(.) 


r Xp+kl(P) 


Pi-)/r 

(26) 
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Let X e P, z e P + kl{P) with k E and \k\ > 4-y/n. Then \x — z\>\ \k\ 1{P) and 
the term \Jjf * f){x) \ is bonnded by 


C \k\-^N^-^ {1{P))-^ [ \uj,*f{z)\^dz 

J P+kl{P) 

< |fc|-iV"-(/(P))-™ / \u:^*f{z)\^XP+kiiP){z)dz 

J I 2 :—a:|<2y^|/i;|/(P) 

< |fc|“ (m{P))"M{\oj„ » /rxp+.„P)) W- 
Hence the left-hand side of fl2^ is bonnded by 


{Nl{P)f- 




p(-)/r 


\^N * f\^Xp+kl{P) 


llx 


pIIt(-) 


p(-)/r 


after nsing the fact that Ai : —)• L^(')P jg bonnded. By Lemma[3](i), ^ 


IIXp|lr(.) 


^|/j|ciog(^)^ with c > 0 independent of N, h and k. Hence the last expression is bonnded 
by 

\^N * f\^Xp+kl{P) 


c{Ni{p)y 


\\xp+ki{P)\\^(. 


(•) 


p{-)/r 


Since m can be taken large enongh snch that m > 2n + ciog(-)r, then the second snm 
in fl2Tl) is bonnded by 


(M(P))""™ ^ \k\n+c,,^A)r-m 

\ujn* fy 

l|Xp+fc/(P)||^ 


k^l/^ ^\k\>Ay/n 


< (iV/(P)r’"||a;^*/||;,(.). 



Xp+ki(P) 


p{-)/r 


Hence the proof is complete. 

Proof of Lemma [TOl By similarity, we only consider /,?(■)) spaces. Let P E Q. 

In view of the proof of Lemma|5]the problem can be rednced to the case when 
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is a normed space. Then 


9v 


llx 


-Xp 

J v>v+ 


( 26 ) 




< 


P 



/ D \ 

+ 

E ■ 

£9(')(LP(')) 

/ v>v+ 




E- 

^ k—V / 


The first norm is bounded by 


E2<‘ 

k=0 


-v+)S 


ei(-)(Lp(-)) 


'2(4-^)^/^ 


llx 


-Xp 


/ y>y + 


£■?(■) (LP(')) 


Let Qk,h be a dyadic cube such that P C Qk,h- Obviously Vq^ ^ ^ by Lemma [3] 

we have n^^’ii ^ ^ _ Therefore the last sum is bounded by 


CPllr(.) 


E2'‘" 


—Vp){5—n/T 


k=0 



/ 


\ 




,A- 






^^k,h 



V 

XQk,h 

’■(■) / 



eii-) (lpO)) 


< "p 

k=0 


—vP){5—n/T ) 


ll(/.).||, <-)M-){Lp(-)) WifvUi 


since 6 > n/r . Let a > max(g+, and \\{fv)v\\ir(-)M-){Lp(-)) = 1- Then 


E 


E 


IIXp|lr(.) 


Ilx 


/ 


< 


< 

rsj 


E E2 
V 


Pllr(.) 


(k — v)5q 


Xp 

<ii-)/<p 


p(-) 

<j(-) 


Xp 


\ ^P 


fv 


llx 


pIIt(-) 


o'pC-) 

9 (-) 


Xp 


\ 


i^p(-) I 

-WV/ 


E 


fv 


llx 


Pllr(.) 


g(-) 


Xp 


< 1 , 


p(') 

in 
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by Lemma [9l The desired estimate is completed by the scaling argument. Now the 
last norm in (|26]) is bounded by 


_o— 

\ ^ ^ Ji+v 
=0 




< 


< 


—i 6 


i =0 


i=0 


fk 


IIXp|lr{-) 

fk 


Xp 


k>Vp+i 


llx 


pIIt{-) 


-Xp 


k>Vp 


<\u 


V 


li(-){LP(-)) 


Hence the lemma is proved. 

Proof of Lemma [151 First we consider the space ■ Obviously, 


,c«(-),-r(-) < 

p(-)M-) 


1|A*^1| c«(.),t(.). Let us prove that l|A*^|L^(.),r(.) < c ||A|| c<(.),r(.). By the scaling argument, 

’ p(-).q(-) ’ P(-)M-) P(-)M-) 

it suffices to consider the case || A||^a( ),r( ) = 1 and show that the modular of a constant 


p(-)M-) 


times the sequence on the left-hand side is bounded. It suffices to prove that 


2v{ai-)+n/2) y 

^ Z—/ ^ '^'v,m,r^dAz 


llx 


Pllr(.) 


g(-) 


Xp 


p(-) 

<!(■) 


< 


y 2v{a{-)+n/2) \ 

oo ^ ^'v,mA,v,r. 

^ ^ (r)€ilT 


i =0 


1|Xq(cp,2'-’'p)||^(.) 


9 (-) 


Xq{cp,2^-'’p) 


+ 2-^ = 6 (27) 


p(-) 

■j(-) 


where, v > vf, e = {n — d + a + n/r )/2, P G Q and Q{cp, 2* is the cube concentric 
with P having the side length 2*“'"^. Therefore, 


E 


v.m.r.d'^v 


llx 


pIIt(-) 


<?(■) 


Xp 


< 1 


p(') 

W) 


for any dyadic cube P. The claim can be reformulated as showing that 


r-l 


y^ 2v{a{-)+n/2)y 

^ Z_-/ 


m£Z'^ 


llx 


Pllr(.) 


<?(■) 


Xp 


< 1 , 


p(-) 

<?(■) 


which is equivalent to 


e-hr mSZ' 

d 'J(')- 


^ ''v,m,r,dAv,r 


llx 


-Xp 


Pllr(.) 


< C. 


(28) 


pi-) 
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For each fc G Mq we define Qk := {h G : 2^ ^ < 2’' 

{h G Z” : 2'^ \2~'"h — 2~'"m\ < 1}. Then for any x G Q 
can be rewritten as 


|2-’^h-2- 

,m n p, E 


"m| < 2^} and f2o := 

/iSZ" (l+ 2 ''| 2 -’'/i- 2 -’'m|)'i 


< 


EE 


|A^,fer 

(1 + 2^^ |2-’'h - 2-^m\y 


k=0 
oo 

fc=0 


oo « 

fc=0 I I /iGHfe 

^zGnf^Qv,z ^ 


(29) 


Let X G Qv,m n P and y G U 2 gnj.Qu,^, then ?/ G Qy^z for some z E Qk and 2^~^ < 
2'^ \2~'’z — 2~'"m\ < 2^. From this it follows that y is located in some cnbe Q(x, 2^“^+^). 
In addition, from the fact that 

\yi - Mil <\yi-Xi\ + \xi - (cp),| < 2'=-"+2 + 2-"^-^ < 2'=-"^+^ i = 1,n, 


we have y is located in some cube Q{cp,2^ vp+iy gj^ce 1/q is log-Holder continuous 
and 5 G [2~'", 1 + 2~y, we have 


1 

S 1 ( 2 :) 


1 

Qiy) 


< 2 


cioo;(g) ( 2 n + l) 




for any k < max(0, v — hy) and any y G Q{x, 2^ with hy E N. li k > max(0, v — hy) 

then since again 6 E [2“'^, 1 + 2“'"], < c < c 2^^^ Also 

since a is log-Holder continuous we can prove that 


f if A; < max(0, n — 

I 2 {a+-a )k k > ma.x{0,v — hy), 


where c > 0 not depending on v and k. Therefore, (12^ does not exceed 


< 

r\j 


^ ^ ^ 2 ^{n—d-\-a)k-\-{v—k)n 
k=0 


V5ra2'“<»>'' |A„xr.w(»)X'e(.,.2‘-"p+*)% 


Q(a;,2^-^+3) 




E2‘’‘-"“’*-^( E v*2«“9>iA.xrx„,ao(o„2*-.p«))w- 

fc=0 
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Hence the left-hand side of ([28]) is bounded by 


OO y ^ \ 

A ;=0 ^ h£Qk ' 


llx 


pIIt(-) 


l/r 


P(')A 


/ 


< 


E 2 

k=0 


i=0 


heOi 

Xi>,hXQ(cp,2*-"P) 


Xq(cp,2*-’'P) 

It(-) 


Ijr 


Pi-)/ 


< 

r\j 


oo \ 
■\ek 


E 2 ‘ 

. fe =0 


where on the hrst estimate we use Lemma [3] and the boundedness of the maximal 
function on (since r < p~), and for the last estimate we use the fact that 


E ^ei/r heZ" 

IfL ^ dl Xq(cp,2‘-*'p) 


i=0 


|Xq(cp,2*-p)||^(.) 


< 1 


pi-) 


and d sufficiently large such that d > n + a + n/r . 

Now we consider the space ^p(^)’g(.'y Obviously we need only to prove fl27|) with 
in place of \\xQicp, 2 i-p)\\y.y ^ = (n - d + a + ciog(l/p) +n/p-)/2, 
P E Q, \P\ < I (||Xp||p(.) ill place of ||XpIIt(-))- same arguments above, we 

obtain that the left-hand side of (1281) (with power r) is bounded by 




n—d-\-a)k 


k=0 


Y , S -^2 


v{a{-)-\-n/2)r 


heUk 

for any dyadic cube P ^ Q, with |P| < 1. Observe that 


\^v,h\ Xv,hXQ{cp,2*‘-'"P+^) 


(30) 


pi-)/r 


2™p/pO) < -|- 2""^ |x — y|)'^'°sb/p) ‘^’opjpiy) < 2^0og(i/p)2p^p/p(p) 

< 2^(^'°sd/p)+p/p“) |Q(cp 2^“'“^+^) 

for any x E P and any y E Q{cp, 2^“'"p+^). Hence, fl30|) is bounded by 




k=0 


E 5 -* 2 " 0 (-)+n/ 2 h |A,,,r X.,,XQ(cp, 2 -’'P+d 


|Q(cp,2^-^+4)|"/^’(') 
The proof of the lemma is thus complete. 


< 1 . 


p(-)/r 


29 





























The convergence of (fT8|) . Let g) G By ffT3|) - ffTi|) - (fT^ and the Taylor expansion 

of (p up to order L with respect to the off-points we obtain for hxed v 


/ KmQv,m{y)T{y)dy 

meZ" 

[ Y1 ^^,rngv,m{y) M?/) “ {y - 


/S! 


dy. 


The last factor in the integral can be uniformly estimated from the above by 

\0\<L+1 


where M > 0 is at our disposal. Let 0 < t < \^p{-) r~) j j ^ ~ 

+ ^ + 1 > -a{-)+n ^ 

[iL, L]-atoms, then for every S' > 0, we have |Pi,_m(2/)| ^ (l + 2^ \y — xq^^^\) 

Therefore, 


-s 


[ Y, 2’"''" IV, 

= V [ 

U ^'Wn. JQ 


meZ" 


(l + bl 


2 \- 


M/2 


meZ'* (l + 2^^ ||/ 

■ ■ -dy. 


fdy 


h^Jn JQo,h 

Applying Lemma [7] to obtain 

\K,m\ {I + 2^ \y - Xq^„^\)~^ < Y \Km\Vv,S*Xv,miy)- 


meZ" 


meZ" 


We split M into R + S. Since we have in addition the factor (1 -|- \y\ ) Holder’s 


inequality, the fact that 


Xqo,, 


T) 


XQo^h 


ip{-)/ty 


1, see d?]), and (1 -F \y\ ) < 


(1 -|- \hf) give that the term | • ■ -dyl is bounded by 

^2-di-+i) ^(1 + |/i| 




R /2 

Vv,S * 

V 2’’'^A I \ 1 Y 

^ K't;,m| Av,m 

mGZ^ 



XQo^h 

’■(■) 


XQo^h 


pi-)/t 


< 


sup 


2(.(-)+n/2« 

meZ" 




llx 


Pllr(-) 


-Xp 


< 


p(-)/t,oo 


pi-)/t 


where the hrst inequality follows by Lemma 0 L-|-l-|-s(-) > 0 and by taking R 
large enough. The convergence of flTSl) is now clear by the embeddings ||A||^c«.t( ) ^ 


.a.T( ) ^ II A|Ls( ),r( ) . The proof is completed. 

p(').oo p(-)/t,oo 


p(-)M-) 
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